In this paper, we consider the asymptotic behavior of solutions to the -system with time-dependent damping on the half-line
Introduction
In this paper, we consider the asymptotic behavior and the convergence rates of solutions to the -system with time-dependent damping with the initial data and with the Dirichlet boundary condition Here, v > 0 is the speci c volume, is the velocity, the pressure (v) is a smooth function of v such that (v) > 0, ὔ (v) < 0, the external term − /(1 + ) with physical coe cients > 0 and ≥ 0, is called a time-dependent damping. v + > 0 and + are constant states. For = 0, the system (1) reduces to the standard compressible Euler equations. ere have been many important developments.
For > 0, = 0, the system (1) becomes the compressible Euler equations with damping which model the compressible ow through porous media. ere is a huge literature on the investigations of global existence and large time behaviors of smooth solutions to compressible Euler equations with damping. For the Cauchy problem, the global existence of smooth solutions with small initial data has been studied by many authors, cf. [1] [2] [3] [4] , and the large time behavior of the solutions was carried out by Hsiao and Liu in [5, 6] rstly. ey showed that the solutions of the Cauchy problem to (1) time-asymptotically behave as those of the following system or with the same end states as v 0 ( ):
Here, the well-known porous media equation is obtained by Darcy's law, and a better convergence rate and the optimal (1) v − = 0, + (v) = − (1+ ) , ∈ R + , < 0,
(2) (v( , 0), ( , 0)) = v 0 ( ), 0 ( ) → v + , + , v + > 0, as → +∞,
convergence rate when v(+∞, 0) = v(−∞, 0) were obtained by Nishihara in [7, 8] . For the other related results, we refer to [9] [10] [11] . Compared with other results, Zhao in [10] got the asymptotic behavior, and convergence rate lay in the facts that the nonlinear di usion wave (v( , ), ( , )) which satis es (4) and (6) need not to be weak, and the initial data can be large properly. For the results such as the generalized Riemann problem for a class of quasilinear hyperbolic systems and nonlinear hyperbolic systems of conservation laws with small BV initial data, we refer to [12, 13] . For other results such as the -system with linear and nonlinear damping, we refer to [14] [15] [16] [17] [18] [19] [20] [21] [22] .
For the initial-boundary value problems on R + to the equations of viscous conservation laws have been investigated by several authors, cf. [23] [24] [25] [26] [27] . For the initial-boundary value problems on R + to the -system with linear damping, see [28, 29] , Nishihara and Yang in [29] considered (1)-(3) with > 0, = 0, and they got the asymptotic behavior and the convergence rates by perturbing the initial value around the linear di usion waves (v, )( , ) which satis es For > 0, > 0, the system (1) reduces to compressible Euler equations with time-dependent damping. Hou et al. [30] considered the global existence of smooth solutions for 0 ≤ ≤ 1 in three space dimensions; they proved that the solutions will blow up in nite time for ≥ 1. In [31, 32] , Pan obtained the existence and decay rates of solutions near constant states (1, 0) for = 1. For the Cauchy problem of the system (1), Cui et al. in [33] proved that the solutions time-asymptotically converge to the di usion wave whose pro le is self-similar solution to the corresponding parabolic equation. For other results, we refer to [34] . However, to our knowledge, there are few results for the initial-boundary value problem of the system (1) . In this paper, we obtained the asymptotic behavior and the decay rates for the solutions of the system (1) with initial-boundary value data. Because the time-dependent damping will lead to some new phenomena and severe mathematical di culties, we will use some new techniques here. As usual, we want to get the convergence rates of the solution by the usual energy estimates and some elementary computations. However, the time-dependent damping brings some extra terms, such as in the right hand of (4.19) and (4.61),
To deal with these terms, we divide the time interval into two regions, 0, 0 and 0 , ∞ . In the bounded region 0, 0 , we obtain the desired estimates by using Gronwall's inequality and the usual energy estimates. In unbounded region 0 , ∞ , we observe the bad terms could be bounded by the corresponding energy functional when ≥ 0 . By using the Gronwall's inequality and the time-weighted energy method, we also obtain the desired decay estimates, and the desired decay rates will not be lost by using the weight function (1 + ) . e rest of this paper is organized as follows. In Section 2, we reformulate the problem (1)-(3) and state the main
theorems. In Section 3, a priori estimates of nite time intervals will be given. In Section 4, decay rates will be given.
Notation.
Herea er, we denote several generic positive constants depending on by ( ), or (1) denote the generic positive constants depending only on the initial data and the physical coe cients , , but independent of the time without any confusion. will always be used to represent su ciently small positive constants. = ℝ + 1 ≤ ≤ ∞ denotes usual Lebesgue space with the norm and the integral region R + will be omitted without any confusion. ( ≥ 0) denotes the usual th-order Sobolev space with the norm where ‖⋅‖ = ‖⋅‖ 0 = ‖⋅‖ 2. For simplicity, ‖ (⋅, )‖ and ‖ (⋅, )‖ are denoted by ‖ ( )‖ and ‖ ( )‖ respectively.
Main Theorems
From asymptotic analysis, it is well known that the rst term of (1) 2 decay to zero, as → ∞, faster than others. Expecting (v, )( , ) → v + , 0 , → ∞, we approximate this by the solution (v( , ), ( , )) of Explicitly,
where := − ὔ v + / > 0 and 0 is de ned by (0) is to be de ned later.
Note that (∞, ) = 0. Hinted by (1), we suppose where We de ne the auxiliary function (v,̂ )( , ) by
furthermore, we have for any su ciently small > 0 Remark 1. For the case of = 0, the convergence rate shown in (43) is the same as that in Nishihara and Yang in [29] . In other words, our estimates give a general result by the elementary method.
Remark 2.
All results are obtained under the condition that any data are small. For large data, the asymptotic behavior of the solutions of (1) with initial data or initial-boundary data will be very di cult, and we will consider them later.
A Priori Estimates on Finite Time Intervals
Compared with the constant damping, the time-dependent damping may bring some extra terms. To deal with the terms, we divide the time interval into two regions, [0, ] and [ , ∞], then apply the 2 -energy method and the Gronwall's inequality to obtain the desired estimates. Much of this section is based on the paper [33] . We now devote ourselves to the a priori estimates of the solution ( , )( , ) under the a priori assumption where 0 < ≪ 1.
By Sobolev inequality and the equation (35), we have which will be used later. 
In this paper, we do not consider the case = 1. For the case of 0 ≤ < 1, from (12), we have we obtain the following theorems.
are su ciently small. en there exists a unique time-global solution ( , )( , ) of (35)-(37) which satis es and moreover 
are su ciently small. en there exists a unique time-global solution ( , )( , ) of (35)-(37) which satis es
(44) ∈ [0, ∞); 3− , = 0, 1, 2, 3, 
(64)
(65)
(66)
(67)
and Since it su ces to establish the estimates for su ciently smooth solution, the equations in (35), (33) and | =0 = 0 give the following boundary conditions for higher order derivatives (39) can be rewritten as the problem to the second order wave of
Step 1. First, multiplying (57) 1 by and integrating the resulting equation with respect to over R + , we can get
We now estimate the last term on the right hand of (58), from (39), we have From Lemma 2.2, the Cauchy-Schwarz's inequality and noticing ὔ (v) ≤ − 0 < 0, we have and By using Lemma 2.1, Lemma 2.2 and a priori assumption (52), we have
(56) (0, ) = (0, ) = (0, ) = (0, ) = 0, .
(57)
(59)
(60)
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Multiplying (74) by (1 + ) and integrating the resulting equation with respect to over R + , we can get By using Cauchy-Schwarz's inequality, Lemma 2.2, Corollary 2.3 and a priori assumption (51) to address the following estimates and Now, we turn to estimate 7 as follows:
By using Lemma 2.1, Lemma 2.2, Corollary 2.3 and a priori assumption (51), we have
(75)
(81)
(82)
and Substituting (67)-(70) into (65), and noting the smallness of , we have us we have (71) × k + (64), and we have Choosing = 6/ , using Gronwall's inequality on [0, ] and the smallness of , we have is proves (53).
Step 2. Di erentiating (57) 1 with respect to , one gets (69)
(71)
(72)
(73) 
(94)
and Substituting (76)-(85) into (75), and noticing , su ciently small, we have Multiplying (57) 1 by − and integrating the resulting equality with respect to over R + , we have
It is easy to see that (84)
(86)
(87)
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Multiplying (86) by ℎ and adding up the resulting inequality and (94), we get Taking ℎ = 6/ , using Gronwall's inequality on [0, ] and (53) , we have is proves (154).
Step 3. Similar calculations to (73) and (96), we can get the high order estimate (3.5) . e details are omitted.
From (53), (54), and (55), by using the continuity technique, we can verify the a priori assumption (51) is true provided 
(96)
for any 3/2 − 3 /2 < < .
Proof. Multiplying (57) 1 by (1 + ) and integrating the resulting equality with respect to over ℝ + , we obtain Now, we estimate the last term in the right hand of (101), from (39), we have From Lemma 2.2, the Cauchy-Schwarz's inequality and noticing ὔ (v) ≤ − 0 < 0, we have and for some constant > 1, > 0, which will be determined below By using Lemmas 2.1, Lemma 2.2 and a priori assumption (97), we have (101)
(102)
and Substituting (102)-(106) into (101), and noting the smallness of , we have Next, multiplying (57) 1 by (1 + ) + and integrating the resulting equation with respect to over ℝ + , we can get Now, we estimate the last term in the right hand of (108) as follows:
By using Lemma 2.1, Lemma 2.2 and a priori assumption (97), we have (106)
(1 + )
(108)
and Substituting (110)-(113) into (108), and noting the smallness of , we have us we have (114) × h + (107), and we have (112) (115) Case 1 (0 ≤ < 3/5). It is easy to know that 1 < 5/2 − 5 /2. erefore, we can take = , = 1/2, and there exist constant satisfying 1 < < min{5/2 − 5 /2, /2 + 3/2, 2 − }. en, we have Let 0 be su ciently large such that if ≥ 0 , it holds Fixing ℎ = 12/ , from (116) and (117) we have where For any ∈ 0 , +∞ , we have Using (117) and Gronwall's inequality on 0 , , noting 1 < < min{5/2 − 5 /2, /2 + 3/2}, 0 ≤ < (3/5), we have (116)
(120) 
(124)
(126)
for 0 ≤ < 3/5. is completes the proof of (128). For the case of 3/5 < < 1, we can use the similar method to obtain (129) and (131).
Next, we will derive decay rates on the higher derivatives of the global solution ( , Proof. Multiplying (117) by (1 + ) 1− , for the case of 0 ≤ < 3/5, and noting = , we have
Integrating the above inequality in over (0, ), using (98), we get (127)
(129) (1 + )
(132) 
and Now, we turn to estimate 7 as follows:
(141)
(142)
. and Substituting (137)-(146) into (136), and noticing , su ciently small, we have (146)
(147)
Multiplying (57) 1 by −(1 + ) , and integrating the resulting equality with respect to over ℝ + , we have It is easy to see that (148)
(149) 
(157)
(158) 
(155)
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Integrating the above inequality over (0, ) and using (99) (168)
(170) 
(161)
(163)
(165) 
(1 + ) For the decay rates of = , we give the following two lemmas. (178)
(179)
(1 + ) (7/2)−(5 /2) ‖ ‖ 2 + (1 + ) ( (182) 
